Abstract Finite element analyses have been performed on the representative volume element of piezoelectric elements with interdigitated electrodes (IDE). In these investigations the change of the piezoelectric material properties during polarization has been considered prior to additional service loads, e.g. mechanical loading. The numerical results obtained with a specially coded finite element routine are compared with a reference model given by the so called uniform field model. The model indicates stress concentrations at the tip of the finger electrode, which have been validated by experimental results. The modeling approach presented allows for a better understanding of the overall effects in piezoelectric materials with IDE.
Introduction
One dominant group of solid state actuator and sensor elements are piezoelectric transducers. They are easily controlled by applying an electric field to the element, resulting in a mechanical response. While non-polarized material exhibits mechanically isotropic material properties in the absence of global piezoelectric polarization the material properties become transversally isotropic with respect to the polarization direction after polarization. The link between material property values and polarization direction in piezoelectric materials has been shown by Tanimoto et al. [1] , where polarization along and perpendicular to the direction of loading was seen to modify the tensile strength of polarized, as compared with non-polarized lead zirconate titanate (PZT) and BATiO 3 tensile specimens. Further research showed that crack propagation behavior is dependent on polarization direction in PZT wafers [2] . Therefore, the characterization and modeling of the link between materials properties and polarization character is important to investigate, given the demonstrated susceptibility of damage evolution near the electrodes of PZT actuators as investigated by Ru et al. [3] and Ye [4] .
The scope of the current investigation is to point out the influence of the inhomogeneous electric field distribution on the material properties of piezoelectric elements with interdigitated electrodes (IDE) and to present a modeling approach for more precise calculations within the representative volume element (RVE).
Models for piezoelectric elements with IDE
In addition to monolithic dense ceramic wafers, piezoelectric composites are widely used due to their higher reliability with respect to fracture toughness. This is accomplished by embedding uniaxially aligned piezoceramic fibers in a polymer matrix before placing them between two sets of IDE. This arrangement results in a highly orthotropic transducer element with larger flexibility perpendicular to the working direction compared to a monolithic piezoelectric wafer. The best know representatives of this group are the active fiber composite (AFC) [5] and the Macro Fiber Composite (MFC) [6] .
One analytical model which can be used for describing the electromechanical coupling of piezoelectric materials as well as piezoelectric composites with IDE is the uniform field model (UFM) by Bent [5] . It is based on the smallest volume possible which represents the properties of the complete element. This relevant region named the RVE is shown in Figs. 1 and 2 . The RVE covers one half of the thickness of an AFC/MFC and stretches in the fiber direction from the middle of one finger electrode half way to the middle of the adjacent finger electrode. Likewise, it reaches from the middle of a fiber half way to the middle of the adjacent fiber, perpendicular to the fiber plane. In the principal assumption of the UFM each RVE is composed of three regions, where each region has homogenous properties, which are either arranged in pairs parallel or in series, respectively. The regions named Cases A, B and C capture the electromechanical properties in the area between two finger electrodes of different electric potential and, thereby, allow the calculation of the piezoelectric properties of the RVE. As implicated in the name UFM, an electrical field of uniform strength is assumed within each region representing a homogenous polarization in the same direction. This assumption is not valid in the vicinity of the PZT-electrode interface where there is a gradual change in the electric field ( Fig. 2 actual geometry and Fig. 1 cut-out) . This effect is not covered in the UFM due to its geometrical complexity and can be neglected in the description of the total strain of the RVE which is the main goal of the UFM-solution. Likewise, the change in the material properties in the vicinity of the electrode due to the same change in the polarizing electric field is not covered in the UFM for the same reason. In the case of a stress analysis both effects have to be considered. The current work investigates the influence of the material properties on the state of stress within the RVE and thereby of the transducer element.
FE-investigation of AFC
Published FE-investigations related to piezoelectric transducer elements describe mainly the strain behavior within the RVE e.g. [8] [9] [10] and thereby resemble the UFM of the RVE. The main issue for finite element simulations is to ensure a correct representation of the structure, boundary conditions and the material properties. While geometry and boundary conditions of a RVE can be easily specified, problems arise in the correct assignment of the material properties. This is due to the gradual change of the PZT material properties in relation to the same change in the electric field. At the electrode, the electric field lines are perpendicular to the plane of the IDE while they are parallel between two electrodes of different electric potentials (cp. Figs. 1 and 2) . Furthermore, the electric field lines concentrate near the electrode and thin out in other areas, resulting in an inhomogeneous field distribution and thereby a variation in the material properties of the polarized piezoelectric fibers.
The following discussion will focus on the problems which arise during stress calculations within piezoelectric materials with IDE. This investigation is based on AFC manufactured at Empa (Fig. 3 with the material properties given in Table 1 ). The material properties of the polarized PZT-5A are based on datasheets. Although several publications are available with elastic properties of non-poled barium titanite [11, 12] no literature could be found with the complete material description of the non-polarized PZT-5A. Therefore, those stiffness properties have been derived from [13] assuming an isotropic material behavior while the Fig. 2 The UFM introduced by [5] with the polarization vector P and the fraction of piezoelectric material within each phase charge coefficients have been set to zero. The change in the relative permittivity is based on capacity measurements of poled and non-poled PZT-wafers at Empa. The numerical simulations were performed with ANSYS Release 11.0 using two and three dimensional models (2D-FE-model, 3D-FE-model) with plane and solid coupled field elements for representing the piezoelectric behavior (PLANE223, SOLID226). The fiber are embedded in an epoxy matrix with the material properties: E=3 GPa, υ=0.3 and ε r =3.4.
Material description within the RVE of a transducer with IDE
The material properties of a piezoelectric material vary with its state of polarization. In case of a piezoelectric element with IDE, there is a gradient of different material properties (e.g. non-polarized, polarized). Furthermore, there are different orientations of the material coordinate systems, which have to be described for stress calculations of such elements. This description can be achieved by including the polarization process of the piezoelectric transducer into the FE-simulation. A corresponding procedure which allows for an automatic material assignment according to the electric field condition is shown in Fig. 4 [7, 14] . For a completely given set of material properties this procedure allows for the numerical investigation of any piezoelectric transducer element for arbitrary electrode configurations.
Being able to provide the material properties as a function of the polarization field requires extensive experimental investigations, while a perfect alignment between material direction and electrical polarization field can be accomplished more easily in the FE-environment. Therefore, the influence of the material orientation on the overall properties of a piezoelectric transducer element has been considered first. Figure 5 shows the material orientation along the field lines of an electric field between two electrodes of an AFC obtained by the procedure described in Fig. 4) . The plot depicts a cross section of a piezoelectric fiber between a pair of positive and negative finger electrodes (upper half of element). The material orientation is indicated by element coordinate systems (triad) while the electric field vector is represented by arrows. At the beginning of the simulation the material was defined as non-polarized and oriented parallel to the x-axis in all finite elements. Within three steps of the iteration procedure the material is divided between a non-polarized (dark area) and a polarized region based on the defined poling threshold (Fig. 4) . Furthermore, the poled material is orientated perfectly along the field lines indicating the two planes of symmetries within the FE-model, which represents four RVEs.
Stress state within a RVE for the UFM and the new approach
For the investigation of the effect of the material modeling on the stress state in the RVE of the AFC shown in Fig. 3 SOLID226) has been used. This model shown in Figs. 6 and 7 includes the piezoelectric material, the epoxy matrix, as well as the electrode and resembles a typical standard AFC manufactured at Empa. Three different material models and two load cases have been considered. The reference is given by the UFM-assumption of non polarized and perfectly polarized piezoelectric material below and between the finger electrodes. In addition poling code in Fig. 4 calculated automatically the piezoelectric material orientation and material distribution according to predefined poling levels for two and five different states of the piezoelectric material [15] . The two load cases investigated are an electrical load acting on the RVE and a tensile load acting in the fiber direction of the poled RVE with the boundary conditions (BCs) in Table 2 .
The results of this comparison are presented in Figs. 7 and 8, respectively, for three representations of the piezoelectric material. The results of this comparison are presented in Figs. 7 and 8 , respectively, while the maximum stresses are summarized in Table 3 . For a better comparison the same stress legend has been used for the three different FE-models in Fig. 7 (Principal stress distribution in RVE due to polarization) whereby stress values below the given range are colored in dark grey. The same approach has been used for the stress plots in Fig. 8 for the second load case (principal stress distribution in RVE due to tensile load after polarization).
In general, the simulation of the polarization process results in a lower stress state in the RVE compared to the UFM-assumption. An exception is the stress concentration near the finger electrode where the maximum stress values increases. This effect is even greater at the end of the electrode in the tangential direction of the piezoelectric fiber, which becomes clearly visible in Figs. 7 and 8. A possible remedy for this effect is the IDE of the polymeric AFC described in [16] which covers the piezoelectric fiber by 360°, thereby, avoiding a discontinuity in tangential direction.
Experimental investigation
In the absence of exact material data and missing strength criteria a detailed experimental verification of the presented numerical investigation is not possible. This would require tensile measurement of piezoelectric transducers with IDE and the comparison of the ultimate tensile stress obtained in the test with the stress values found in the FE-model. In view of the dimensions of the RVE (cp. Fig. 3 ) local stress measurements are not possible. Therefore, measurement strategies have to be developed for assessing the validity of the numerical investigation. A first step in this direction is the validation of the effect in general, i.e. that given certain loading conditions, the state of polarization will increase the failure susceptibility of polarized versus non-polarized piezoelectric material and that the place of the failure is at the predicted stress concentrations at the edge of the finger electrode. The model presented predicts stress concentrations at the edge between the IDE finger and the fiber which are caused by the change in the material properties. This statement corresponds with literature e.g. [17] . Furthermore, the model shows no stress concentrations in non-polarized material far away from the IDE. These regions are not to be confused with the non-polarized areas directly under the finger electrode shown in the figures representing the RVE only (cp. Fig. 6 ).
For the validation of the numerical predictions presented, AFC made at Empa have been investigated with respect to their failure behavior. In a previous study polarized AFC were bonded to a glass fiber reinforced laminated substrate, and then subjected to tensile strains up to 0.50%. The specimen was monitored during loading to identify the fragmentation behavior in the PZT fiber mat [7] . From these fragmented AFC polished micrograph sections have been taken, where the insulating foil (Kapton®) and the printed IDE surface was stripped away from one side via mechanical grinding. Indirect lighting of the specimen surface was used to observe the exposed AFC surface and investigate cracking in the PZT fiber mat (cp. Fig. 9 ).
In the image from a fractured AFC specimen shown in Fig. 9 , the dark horizontal region is the shadow of the bottom IDE finger, which establishes the position of the IDE finger relative to the fibers. Near the edge of the IDE finger sharp transitions are seen, which correspond to free surfaces in the fibers and thereby, indicate cracks running through the thickness of the fiber. Theses cracks reside at the edge of the IDE finger (see Fig. 9(b) ), which coincides with the location of stress concentrations predicted in the FE model. A gradient of material properties, as related to the gradient in electrical field distribution during polarization in the vicinity of the IDE edge, would lead to stress concentrations, and consequentially a larger susceptibility to failure in those material regions. This discussion does not include that in areas of high stress, stress relief may occur due to domain motion. This behavior is not included-as can occur at crack tips.
In the right side of Fig. 9 (a) there are few sharp transitions at the IDE fingers. This corresponds as well with the findings of the numerical investigation, since the piezoelectric material between those fingers of identical electric potential are not polarized. On the right side, the region between IDE fingers is uniform, without evidence of cracking along the IDE edge. This shows that the position of the IDE finger has a direct effect on crack development in the PZT fibers. Since the IDE pattern defines the electrical field distribution during polarization, it is evident Fig. 8 First principal stress distribution [MPa] in RVE due to tensile load (0.1% strain) after polarization that the polarization state of the PZT fibers is related to the observed crack locations.
The experimental investigation presented in Fig. 9 clearly shows a correlation between IDE finger position and the location of cracks in the polarized fibers, as indicated in the FE model.
Conclusion
The material properties of piezoelectric materials strongly depend on their state of polarization. The influence of the material properties on the stress for a mechanical and an electrical load has been demonstrated. While the resulting effects of gradually changing material properties can be neglected for the calculation of the free actuation strain they should be considered with respect to stress evaluations within piezoelectric elements with IDE. This can be accomplished by modeling the polarization process of the element prior to the loading step. Such a simulation of the polarization process requires exact material data (e.g. strength, stiffness) for the piezoelectric material at different states of polarization as well as an automated procedure for the individual assignment of these data to the model. An appropriate procedure has been used for the investigation of the micromechanical effects within the RVE of piezoelectric transducer elements with IDE. The qualitative findings of this investigation have been validated by experimental tests while so far there are no experimental possibilities available for the quantitative validation of this theoretical approach. Therefore, further investigations have to focus on providing the material properties according to their polarization within the PZT-material. Especially, the determination of the required strength and stiffness values necessary for these strength predictions has to be investigated in further studies. The expected benefit of this procedure is a better understanding of the micromechanical effects in piezoelectric elements with complex electrode configurations, e.g. IDE and a more accurate prediction of the stress state within these elements which is important for the prediction of their fatigue behavior as well as the affect of new IDE designs.
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Cracks parallel to finger electrode of IDE (b) Fig. 9 Section of fragmented AFC with (a) cracking locations identified in relation to the IDE finger position and (b) detail of cracked fibers in the vicinity of a finger electrode 
